Abstract. We generalize the notion of SRB measures and characterize their existence, uniqueness, and ergodic, thermodynamic, and physical properties. We show that there exists a generalized SRB measure (GSRB for short) if and only if there exists some unstable leaf with a positive leaf volume for the set of hyperbolic points HWTχ (which are not necessarily Lyapunov regular). This condition is called the leaf condition. We show that the leaf condition also implies that the Gurevich pressure of the geometric potential is 0, and characterize all GSRBs as equilibrium states of the geometric potential, which gives the analogue to the entropy formula. Every finite GSRB is an SRB, and the finiteness of GSRBs is characterized by modes of recurrence of the geometric potential. We define a set of positively recurrent points, and characterize positive recurrence of the geometric potential by the leaf condition for the said points. We show the uniqueness of GSRBs on each ergodic homoclinic class, and that each ergodic component of a GSRB is a GSRB. In particular, this offers new proofs for the entropy formula and for the uniqueness of hyperbolic SRB measures, and for the fact that an ergodic component of a hyperbolic SRB measure is a hyperbolic SRB measure. We show physical properties for GSRBs (w.r.t. the ratio ergodic theorem, and by distributions). In our setup, M is a Riemannian, boundaryless, and compact manifold, with dim M ≥ 2; f ∈ Diff 1+β (M ), β > 0. We demonstrate the relevance of GSRBs by analyzing an example of an "almost Anosov" system by Hu and Young, with no SRB measures, and show that it admits a GSRB. These results offer an extension to the Viana conjecture, and serve as a partial answer to the Viana conjecture, and to its extension.
An invariant ergodic measure is called physical if the set of all points which abide its time-forward ergodic theorem is a set of positive Riemannian volume in M (often referred to as Lebesgue volume). The convention is that the events which are observable are events with a positive Lebesgue volume, as these are the events expected to be observed in a simulation, for example. An SRB measure is a hyperbolic and invariant probability measure, such that given any measurable partition into unstable leaves-almost all of its conditional measures are absolutely continuous w.r.t. to the respective leaf's Riemannian volume. SRB stands for Sinai, Ruelle and Bowen, due to their pioneering work in the context of Axiom A systems (see [Sin68, Bow08, BR75] ).
It has been shown that ergodic SRB measures are physical w.r.t. Birkhoff's ergodic theorem. This was first done by Pesin in [Pes77] for volume preserving transformations, using Pesin's absolute continuity theorem for the stable leaves foliation; this work was later extended by Katok and Strelcyn in [KSLP86] who allowed singularities; and eventually shown by Pugh and Shub in the general case in [PS89] (see [You02] for a more detailed review of the history of SRB measures and their motivation). Generally, physical measures on their own, by focusing on one trait, carry little information (see [You02] for examples of physical measures which are not SRB). SRB measures, on the other hand, by being hyperbolic and being considered the most compatible with the Riemannian volume when it is not preserved, display rich dynamics and geometric structure. They carry additional special properties and meaning (such as the entropy formula, see [LS82, LY85] ).
In [HY95] , Hu and Young have shown an example of an "almost Anosov" system, where no SRB measure exists. This generates motivation to study a greater class of physical measures, which will describe the asymptotic behavior of observable events on a wider set of dynamical systems. Asymptotic behavior and ergodic theorems go hand in hand with recurrence and conservativity properties. This is what motivated the generalization of SRB and physical measures to include conservative (perhaps infinite) hyperbolic measures with absolutely continuous conditional measures (see Definition 6.2). We call them Generalized SRB measures, or GSRB for short. We show that GSRB measures are physical w.r.t. the ratio ergodic theorem (see Theorem 7.1), and display distributional physicality (see Theorem 7.2 and Theorem 7.9). In addition, we show that their existence implies thermodynamic properties, such as that the geometric potential is recurrent and has a Gurevich pressure 0, even when an SRB measure might not exist; and that GSRB measures are equilibrium states of the geometric potential (see §5, §6.4). We show that an ergodic homoclinic class admits at most one GSRB measure, and that it is ergodic, analogously to the result for SRB measures in [RHRHTU11] (see Theorem 6.9). In particular, we offer new proofs for the entropy formula for hyperbolic SRB measures, for the uniqueness of hyperbolic SRB measures on ergodic homoclinic classes, and for the fact that an ergodic component of a hyperbolic SRB measure is a hyperbolic SRB measure. The setup in the example of Hu and Young satisfies the condition which we assume for our work-the existence of an unstable leaf with a positive leaf volume for a set of hyperbolic points. This means that the generalization offered is not redundant.
Our work gives a sufficient and necessary condition for the existence of a GSRB measure, and a sufficient and necessary condition for the existence of a finite GSRB measure (i.e. an SRB measure). Both conditions are in the form of the leaf condition (i.e. the existence of an unstable leaf with a positive leaf volume for a set of points, see Definition 4.29), where the sets include points which display hyperbolic behavior, but are not restricted to be Lyapunov regular. The question of the existence of an SRB measure under an assumption of the form of a leaf condition, was raised to the author by Y. Pesin. This work, together with the example by Hu and Young, answers this question.
Our results hold for a compact, boundary-less and Riemannian manifold M with dim M ≥ 2, and f ∈ Diff 1+β (M ), β > 0. Recently, V. Climenhaga, S. Luzzatto, and Y. Pesin were able to show, using different methods than ours, a weaker version of Claim 6.5, in the two-dimensional setup. Their methods involve Young towers, and are inherently two-dimensional. They use different notations, but some of the notions are similar. They show that when dimM = 2, if the leaf condition is satisfied for a set of stable leaves of positively recurrent Lyapunov regular points (see Definition 6.4 for positively recurrent), then there exists an SRB measure. They do not discuss the cases where their assumption fails. As can be seen in §8, the restriction to stable leaves of positively recurrent points is not mild, as Hu and Young offer a very non-pathological example where it fails; but their example still admits a GSRB. In addition, the restriction to Lyapunov regular points is not mild either, as the analysis in §8 shows, it may be very easy to analyze the stable leaves of hyperbolic points, but not clear how to analyze which leaves belong to Lyapunov regular points.
Our results serve as a partial answer to the Viana conjecture in two senses, by both claiming that a more natural question would be "what systems admit a GSRB measure?", rather than just SRB measures; and by giving sufficient and necessary conditions to this extended question (and also to the original question). This raises two questions: one, what class of systems satisfies the leaf condition? two, is the leaf condition generic in some class of dynamical systems?
1.2. Notations.
(1) For every a, b ∈ R, c ∈ R + , a = e (5) In our context, a Borel measure is conservative if it gives every wandering set a measure 0 (see Definition 6.1). (6) Given two Borel measures µ, ν on a measure space (X, B), we write µ ≪ ν to mean "µ is absolutely continuous w.r.t. ν" (i.e. ∀E ∈ B, ν(E) = 0 ⇒ µ(E) = 0), and µ ∼ ν to mean "µ is equivalent to ν" (i.e. ∀E ∈ B, ν(E) = 0 ⇔ µ(E) = 0).
1.3. Setup. Let M be a compact and Riemannian manifold, with no boundary, of dimension d = dim M ≥ 2. Let β > 0 be a positive constant, and f ∈ Diff 1+β (M ) (i.e. f, f −1 are differentiable, and d · f, d · (f −1 ) are β-Hölder continuous).
The Set of Hyperbolic Points HWT χ
The definition of χ-hyperbolic points (χ > 0), in the context of Lyapunov regular points, is quite naturalconsidering all points with no zero Lyapunov exponents, with at least one positive exponent and one negative exponent, and with all exponents having absolute value greater than χ. The collection of points which display hyperbolic behavior can be a much bigger set than the Lyapunov regular points. We would like to consider a larger set of hyperbolic points, in order to study hyperbolicity on a bigger class of measures, which are not necessarily carried by Lyapunov regular points.
Definition 2.1.
(1) χ − summ :={x ∈ M : ∃ a splitting
χ − hyp :={x ∈ M : ∃ a splitting T x M = H s (x) ⊕ H u (x) s.t. ∀ξ s ∈ H s (x) \ {0}, ξ u ∈ H u (x) \ {0}, lim sup n→∞ 1 n log |d x f n ξ s |, lim sup n→∞ 1 n log |d x f −n ξ u | < −χ}. lim sup n→∞ 1 n log |d x f −n ξ u |} > χ.
Notice that χ − hyp ⊆ χ − summ.
Theorem 2.2 (Pesin-Oseldec Reduction Theorem).
For each x ∈ χ−summ, write s(x) := dim(H s (x)), u(x) := dim(H u (x)). For each such point x ∈ χ − summ, there exists an invertible linear map C χ (x) : R d → T x M , which depends measurably on x, such that C χ (x)[R s(x) ×{0}] = H s (x), C χ (x)[{0}×R u(x) ] = H u (x). C χ (·) are chosen measurably on χ − summ, and the choice is unique up to a composition with an orthogonal mapping of the " stable" and of the "unstable" subspaces of the tangent space. In addition,
where D s (x), D u (x) are square matrices of dimensions s(x), u(x) respectively, and
The Pesin-Oseledec reduction theorem has many different versions, which are suitable for different setups. We use the version which appears, with proof, in [BO18, Theorem 2.4]. C −1
χ (x) serves a measurement of the hyperbolicity of x-the greater the norm, the worse the hyperbolicity (i.e. slow contraction/expansion on stable/unstable spaces, or small angle between the stable and unstable spaces).
Definition 2.3. Let ǫ > 0, and let x ∈ χ − summ, then
Q ǫ (·) depends only on the norm of C −1 χ (·) (a Lyapunov norm on the tangent space of a point), which is indifferent to composition with orthogonal mappings of the "stable" and "unstable" subspaces.
The set of all ǫ-weakly temperable points is denoted by ǫ-w.t.
Definition 2.5. Hyperbolic and Weakly Temperable points:
(1) HWT χ := χ−summ ∩ ǫ χ −w.t, where ǫ χ > 0 is given by [BO, Definition 3.1], and is a constant depending on M, f, β, χ. (2) From this point onward, in our context, a hyperbolic measure (which is not necessarily finite) is a measure carried by
HWT χ ′ , and a χ-hyperbolic measure is a measure carried by HWT χ .
Remark: HWT χ carries all χ-hyperbolic f -invariant probability measures; and HWT χ is defined canonically, 1 see [BO] . In the following parts of this paper, when χ > 0 is fixed, the subscript of ǫ χ would be omitted to ease notation. In addition, we may assume ǫ > 0 is arbitrarily small, since the results of [BO18, BO] apply to all ǫ ∈ (0, ǫ χ ], for a fixed χ > 0.
Preliminary Constructions
3.1. Symbolic Dynamics. Sarig first constructed a Markov partition for non-uniformly hyperbolic surface diffeomorphisms in [Sar13] . Later, we extended his results to manifolds of any dimension greater or equal to 2 in [BO18] . In [BO] , we introduce the set HWT χ , which is defined canonically, and still consists of all recurrently-codable points (see Proposition 3.7) in the symbolic dynamics which were constructed in [Sar13, BO18] . In the following section , we present an exposition of those results, which will be of use to us.
1 I.e. its definition does not rely on a specific construction of symbolic dynamics, but only on the quality of hyperbolicity of the orbit of the point.
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Definition 3.1 (Pesin-charts). Since M is compact, ∃r = r(M ) > 0, ρ = ρ(M ) > 0 s.t. the exponential map exp x : {v ∈ T x M : |v| ≤ r} → B ρ (x) = {y ∈ M : d(x, y) < ρ} is well defined and smooth. When ǫ ≤ r, the following is well defined since C χ (·) is a contraction (see [BO18, Lemma 2.9]):
(1) ψ x are Pesin-charts. Theorem 3.2. ∀χ > 0 s.t. ∃p ∈ χ-hyp a periodic hyperbolic point, ∃ a countable and locally-finite directed graph G = (V, E) which induces a topological Markov shift Σ := {u ∈ V Z : (u i , u i+1 ) ∈ E, ∀i ∈ Z}. Σ admits a factor map π : Σ → M with the following properties:
(
(2) π is a Hölder continuous map w.r.t. to the metric d(u, v) := exp (− min{i ≥ 0 :
This theorem is the content of [BO18, Theorem 3.13] (and similarly, the content of [Sar13, Theorem 4.16] when d = 2). V is a collection of double Pesin-charts (see Definition 3.1), which is discrete;
3 And we consider the modified construction that is introduced in [BO, Definition 3.1].
Definition 3.3.
, where R(t) :=the unique partition member of R which con-
Remark: Given Z, such a refining partition as R exists by the Bowen-Sinai refinement, see [Sar13, § 11.1]. By property (2)(b), and since Σ is locally-compact (see Theorem 3.2, local-finiteness of G implies localcompactness of Σ), Σ is also locally-compact.
Definition 3.4.
(1)
Claim 3.5 (Local finiteness of the cover Z). ∀Z ∈ Z,#{Z ′ ∈ Z :
This claim is the content of [BO18, Theorem 5.2] (and similarly [Sar13, Theorem 10.2] when d = 2). Remark: By Claim 3.5 and Definition 3.3(2)(b), it follows that every partition member of R has only a finite number of partition members affiliated to it. Theorem 3.6. Given Σ from Definition 3.3, there exists a factor map π : Σ → M s.t.
(1) π is Hölder continuous w.r.t. the metric d(R, S) = exp (− min{i ≥ 0 :
carries all χ-hyperbolic invariant probability measures.
2 I.e. hyperbolic measures with Lyapunov exponents greater than χ in absolute value.
3 Every v ∈ V is a double Pesin-chart of the form v = ψ
with 0 < p s , p u ≤ Qǫ(x); and discreteness means that ∀η > 0 :
This theorem is the content of the main theorem of [BO18] , Theorem 1.1 (and similarly the content of [Sar13, Theorem 1.3] when d = 2).
This is the content of [BO, Proposition 3.8, Corollary 3.9].
3.2. Maximal Dimension Unstable Leaves.
Similarly, a stable leaf is an unstable leaf of f −1 .
Definition 3.9. An unstable leaf is called an unstable leaf of maximal dimension, if it is not contained in any unstable leaf of a greater dimension.
Notice that if x ∈ HWT χ belongs to an unstable leaf of maximal dimension V u , then dimH u (x) = dimV u . It can be seen from the following claim.
Claim 3.10. ∀u ∈ Σ, there exists a maximal dimension unstable leaf V u (u), which depends only on (u i ) i≤0 , and a stable leaf V s (u), which depends only on
This is the content of [BO18, Proposition 3.12,Theorem 3.13, Proposition 4.4] (and similarly [Sar13, Proposition 4.15,Theorem 4.16,Proposition 6.3] when d = 2). By construction, V s (u), V u (u) are local, in the sense that they have finite (intrinsic) diameter. Definition 3.12. Let x ∈ HWT χ , and let
This definition is proper and is independent of the choice of u, for more details see [BO18, Definition 2.23,Definition 3.2].
Let p be a periodic point in χ − summ, i.e. hyperbolic periodic point. Since p is periodic, C −1 χ (·) is bounded along the orbit of p, and therefore p ∈ HWT χ . Definition 3.13. The ergodic homoclinic class of p is
where ⋔ denotes transverse intersections of full codimension, o(p) is the (finite) orbit of p, and W s/u (·) are the global stable and unstable manifolds of the point, respectively.
This notion was introduced in [RHRHTU11] , with a set of Lyapunov regular points replacing HWT χ . Every ergodic conservative χ-hyperbolic measure is carried by an ergodic homoclinic class of some periodic hyperbolic point.
Definition 3.14. Consider the Markov partition R from Definition 3.3.
e. a path of length n RS connecting R to S, and a path of length n SR connecting S to R. The relation ∼ is transitive and symmetric. When restricted to {R ∈ R : R ∼ R}, it is also reflexive, and thus an equivalence relation. Denote the corresponding equivalence class of some representative R ∈ R, R ∼ R, by R . (2) A maximal irreducible component in Σ, corresponding to R ∈ R s.t. R ∼ R, is {R ∈ Σ : R ∈ R Z }.
Proposition 3.15. Let p be a periodic χ-hyperbolic point. Then, there exists a maximal irreducible compo-
This is the content of [BO, Theorem 4 .10]. 
Notice, σ R is the right-shift, in opposed to the more commonly used left-shift. In order to prevent any confusion, we will always notate σ R with a subscript R (for "right"), when considering the right-shift.
Definition 3.17 (The canonical coding R(·)).
One should notice that π(R(x)) = x, R(x) ∈ Σ • (see Definition 3.20 for Σ • ).
Definition 3.18.
This definition admits the following very important property.
Proof. Since f is a diffeomorphism,
where the transition from the top equation to the bottom one, is due to the fact that
Definition 3.20.
• L the canonical parts of the respective symbolic spaces. Notice that R(·) is the inverse of π| Σ • .
, ∀i ∈ Z, whence by the local-finiteness of the refinement and the pigeonhole principle,
where τ is the projection to the non-positive coordinates), and Σ 
Proof. In the remark after Definition 3.20 we saw that Σ
In total, by Proposition 3.7, 
Since R 1 ∩ Z(u 1 ) = ∅, and R refines Z, R 1 ⊆ Z(u 1 ). The proof of the second part is similar.
Definition 4.2. Given a chain R ∈ Σ L we say a chain u ∈ V −N covers the chain R if u is admissible and R i ⊆ Z(u i ) for all i ≤ 0. We write u R.
By using Lemma 4.1 in succession, for every chain R ∈ Σ L , the collection of chains which cover R is not empty.
The equality in the first part of the definition above is given by Lemma 4.1, since for every R s.t. R 0 = R, and every u s.t. Z(u) ⊇ R, u can be extended to a chain u s.t. u R.
Lemma 4.4. Definition 4.3 is proper: V u (R) is independent of the choice of u.
Proof. By Claim 3.5, ∀R ∈ R, |{u : Z(u) ⊇ R}| < ∞. Therefore W (R 0 ) is well defined and is an open set. Assume u, v R, and write
. In addition, the same theorem states that
One could check that the factors in the statements of [BO18, Proposition 2.21,Proposition 3.12(4)] can be changed without affecting the proofs to say the following:
is an open submanifold of M , and so it is equipped with its own induced (positive and finite) Riemannian volume measure.
is an open submanifold (with a finite volume) of M by definition, and W (R 0 ) is a finite intersection of open subsets of M (recall Definition 4.3, and Definition 3.3(2)(b)). The claim follows. 
Proof. By Corollary 4.8,
The inclusion in line (3) is correct due to Lemma 4.1:
R and σ R u = v; thus the intersection in line (2) is over a bigger collection of sets, and thus smaller.
Using Corollary 4.6 and Corollary 4.9, we are able to re-adapt a construction by Sinai ( [Sin68] ), and construct our family of absolutely continuous measures which we will call the natural measures. 
This is an absolutely continuous probability
. Define m as the Riemannian leaf volume on V u (R) (not normalized). Then
Let z ∈ V u (R). Thus by [BO18, Proposition 4.4(3)], for any n ≥ 0, and
Let any u ∈ Σ L , u i = ψ . Hence
This bound is uniform in y, z ∈ V u (R), thus
converges uniformly as n → ∞. Therefore, the sequence of its exponents, n−1 j=0
, converges uniformly. A uniform limit commutes with integral, so g n also converge for every y, and thus also ρ n . In fact, since the bound for a fixed n is uniform in y, z ∈ V u (R), then g n unif ormly
− −−−−−− → g, to a continuous limit (since g n are continuous),
, and by equation (5) (with n = 0) and the remark after it,
then ρ = e ±ǫ . Therefore, ρ n unif ormly − −−−−−− → ρ, a continuous density. Define the measure on V u (R):
Notice: To ease notations in what comes next we omit the restriction of the differential to the appropriate tangent space.
Proof: We start with the following calculation by definition, forÃ := f [A]:
,
are the un-normalized Riemannian volumes of the respective leaves; We could separate the second equation into two limits since their product is finite for a positive volumeÃ, and since we additionally know that the limit on the left term exists and is finite forÃ (whence the limit on the right term must exist and be finite as well).
gives the requested result. QED Definition 4.11. For every R ∈ Σ, define the absolutely continuous probability measure m V u (R) on V u (R) by Theorem 4.10. We call {m V u (R) } R∈ ΣL the family of natural measures.
We are now free to define the following space of absolutely continuous measures:
(W u (R) may be empty, and m R may be the zero measure). In what follows, we will mold the structure of a TMS onto our space of absolutely continuous measures, and will be able to use results in thermodynamic formalism in order to construct invariant measures with absolutely continuous conditional measures.
Analytic Properties of The Symbolic Construction and The Geometric Potential.
By Theorem 4.10, We get the following important property for the family of natural measures:
Proof. The following is true by the definition of the natural measures, the property shown in Corollary 3.19
where
φ is sometimes being associated with the geometric potential, for reasons that will be more obvious in §5.
Definition 4.14. For every x ∈ M there is an open neighborhood D of diameter less than ρ and a smooth map 
The following two definitions are due to Sarig in [Sar13, § 4.2,Definition 4.8] (the version here corresoponds to the case d ≥ 2 from [BO18, Definition 3.1,Definition 3.2]). We use the notation "u/s" to define both u-manifolds and s-manifolds, without having to write everything twice.
Similarly we define an s−manifold in ψ x :
with the same requirements for − → F s and q. We will use the superscript "u/s" in statements which apply to both the u case and the s case. The function
The parameters of a u/s manifold in ψ x are:
• γ−parameter:
Notice that the dimensions of an s or a u manifold in ψ x depend on x. Their sum is d.
Definition 4.16. Suppose x ∈ HWT χ and 0 < p
Remark: Recall Claim 3.10, ∀u ∈ Σ there exist a maximal dimenstion stable leaf , and Let F u , G u be their representing functions, respectively. Then,
The maximum is finite (and so the definition is proper), since ∀R ∈ R, #{u ∈ V : Z(u) ⊇ R} < ∞, and
By continuing to use Lemma 4.1 in succession, separately, obtain two admissible chains
, and similarly with w S (u). By [BO18, Proposition 3.12], ∃K > 0, θ ∈ (0, 1) which depend on β and χ s.t.
are the normalized Riamannian volume on the respective leaf.
. I is defined in the following way:
, where π u is the projection onto the last u coordinates, andF u/v are diffeomorphisms onto their images. So I is a diffeomoprphism. I satisfies
Notice, the identity map
where t = π u ψ −1 x0 (z), and Θ D : T D → R d is the local isometry as in Definition 4.14 s.t. D is a neighborhood which contains z, I(z). It follows that,
where C 1 is the Lipschitz constant for the absolute value of the determinant on the ball of (d × d)-matrices with a bounded operator norm of 2M f .
Plugging this back in equation (10) gives (for sufficiently small ǫ > 0),
whereθ := θ 1 6 ∈ (0, 1), andK := K 1 6 > 0.
where m R is the induced Riemannian volume of V u (R) (not normalized). We saw in Theorem 4.10 that for a fixed z ∈ V u (R), the inner sum (denoted by S R n,z (y)) converges uniformly, to a limit denoted by S R z (y).
4 Write u = dimV u (R), and let A, B be u × u matrices s.t.
Therefore, also uniformly in y, z,
where θ 3 := e − χβ 8 n ∈ (0, 1).
Part 2:
, as seen in equation (5).
Plugging this in equation (14), yields,
Part 3: By [BO18, Lemma 2.15], ∃ω 0 > 0 which depends only on M, f and β, s.t. 
and notice that r > 1. For n > r,
Part 4: We wish to bound the expressions of the form
5 If an − −−− → n→∞ a, and ∃cn ↓ 0 s.t. ∀n ≥ m ≥ n, |an − am| ≤ cn, then |an − a| ≤ |an − am| + |am − a|, ∀m ≥ 0. Since the second term tends to 0 as m → ∞, we get |an − a| ≤ cn for all n. We apply this to the bounds from equation (6).
We proceed to bound the first term. Consider the local isometries
For easier notation, we omit the restriction to appropriate tangent spaces when context makes it clear. It then follows that,
where H 0 is given by Definition 4.14, and the last line is by equation (9) and equation (12), applied to the shifted sequences σ
where C 1 is Lipschitz constant for the Jacobian. In addition, since
we get,
The last line is due to the choice of r in equation (16). We continue to bound the second term of equation xixi+1 . Notice, κ = κ(f, χ) > 0 was introduced before in Theorem 2.2. Then,
By the estimates of equation (11) and equation (12), applied to the shifted sequences, we get ∀0 ≤ k ≤ m,
In addition, by the admissiblity of the chain u (or v), p 
Define
. Then by equation (22), it can be shown similarly to equation (9), that
Then,
Therefore,
Plugging this, together with equation (19), back in equation (18), yields,
Hence, by plugging this back in equation (17),
where θ 2 := max{θ 1 r 3 , θ β 6r ,θ}. Plugging this in equation (15) yields (for ǫ sufficiently small),
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Part 5:
where C 1 is the Lipschitz constant for the Jacobian operator (it is used properly here, since d · (ψ x0F u/u ) ≤ 3). In equation (9) we saw that
when ǫ is sufficiently small.
2θ n (for small enough ǫ). In particular,
Part 6: Recall,
Hence
Claim 4.21. There exist n 0 ∈ N and θ 2 ∈ (0, 1), constants depending only on χ, β, f , such that for any
In addition, φ has summable variations 6 .
Proof. We define n 0 := ⌈r⌉ + 1, where r is a constant given by equation (16). We assume n ≥ n 0 . Recall the formula from the statement of Theorem 4.10,
where m σRR and m R are the induced Riemannian volumes of V u (R) and V u (σ R R) respectively, the Jacobians refer to the Jacobians of the restriction of the differential to the tangent space to the domain of integration manifold, and g σRR is the continuous limit function as defined in equation (7), for V u (σ R R).
Assume d(R, S) = e −n , n ≥ 2. Consider the maps I 1 :
We now wish to bound the ratio between the integrands in the formulae of e φ(S) and e φ(R) : by equation (12), Jac(d y I 1 ) = e ±ǫθ n whereθ ∈ (0, 1) is a constant depending only on χ, β. By equation (19) (with m = k = 0),
, where θ 2 ∈ [θ, 1) is a constant depending only on χ, β, M, f . We are therefore left to
:
where the last line is by equation (23), and since all estimates with I 1 hold withĨ 1 := I −1
. We continue to bound the second summand: denote
where by equation (5) (with n = 0), we get the uniform bound S (·) m,z (b) = ±ǫ. In addition, equation (5) (with n = 0) also yields the bound,
. We wish to bound its exponent:
). By equations (11) and (12),
Pluggin this back in equation (27) yields,
Putting this together with the fact that
when ǫ is sufficiently small. Plugging this in equation (26), together with the bound
(by equation (19)), and the bound Jac(d y I 1 ) = e ±ǫθ n (by equation (12)), gives,
2 ) (for small enough ǫ).
We are then left to show summable variations: for this it is enough to show that |φ(R) − φ(S)| is bounded uniformly whenever d(R, S) ≤ e −2 . Indeed,
).
By equation (25), whenever
is Hölder continuous, with a
Hölder constant and exponent uniform in R.
Proof. From equation (28) in Claim 4.21 and the three lines following it we get,
Definition 4.23. We define the following Ruelle operator on C( Σ L ):
The sum has finitely many terms since Σ (and thus Σ L ) is locally-compact (see remark after Definition 3.3).
Definition 4.24. For any R ∈ R, define
is well defined, similarly to Definition 4.3, by arguments analogous to those in Lemma 4.4).
This union is disjoint in the sense that for any two stable leaves, they either coincide or are disjoint, as they all span over the same window W (R) (recall Definition 4.3), and two stable leaves over the same window either coincide or are disjoint (see [BO18,  
, and we wish to show that W u (R) = V u (R) ∩ A R0 . We start with the easy inclusion; let
. One can easily check that then x must equal [y, z] R0 ; whence, by the Markov property,
Definition 4.26. The extended space of absolutely continuous measures:
Proof. Fixing some partition member T , we consider the holonomy map along the stable leaves in
n whenever d(R, S) ≤ e −n , where θ is as defined in Claim 4.19, and K T is a positive constant depending on the partition member T . Here Jac(Γ) refers to the Radon-Nikodym derivative of the mapping, and not the standard derivative (as it may not exist).
, where S · Q, R · Q are the respective concatenations of two one-sided chains which begin with the same symbol. In addition,
n where θ ∈ (0, 1), C > 0 are constants and the factor of 3 comes from the
Now recall the mapping I : V u (S) → V u (R) from Lemma 4.20.
Step 1: d(Γ(x), I(x)) ≤ d(x, I(x))+d(x, Γ(x)), and by claim 0 in Lemma 4.20,
n , whence in total d(Γ(x), I(x)) ≤ 4Cθ n .
Step 2:
By part 4 in Lemma 4.20, g
By Theorem 4.10,
Vol(S) e ±ǫ . So in total
. By part 5 of Lemma 4.20,
Step 3: By Corollary 4.22, 
whereC tmp (T ) is a global constant of, and θ
Step 4: Γ is a bijection. So,
where the last transition used the bound we achieved in step 3. Thus,
Therefore, ψ h is uniformly-continuous on cylinders, and so it is continuous on Σ L .
The following property is a crucial step in our construction:
Proof. Fix any h ∈ C(M ). By Lemma 4.27, ψ h (R) := µ R (h) and 
. By the remark after Definition 3.20, Σ
• L is dense in Σ L . Therefore, by the continuity of L φ (φ is continuous and Σ is locally-finite),
Definition 4.29. We say that the leaf condition is satisfied, if there exists an unstable leaf of maximal dimension which gives HWT χ a positive leaf volume. We say that the leaf condition is satisfied for a measurable set A ∈ B, if there exists an unstable leaf of maximal dimension which gives A a positive leaf volume.
A notion of a similar "leaf condition" was introduced earlier by Climenhaga, Dolgopyat, and Pesin in [CDP16] .
Definition 4.30.
Lemma 4.31. If there exists an unstable leaf of maximal dimension, V u , whose Riemannian volume gives HWT χ a positive measure, then there exist a maximal irreducible component S Z ∩ Σ and a periodic chain
Proof. V u gives a positive volume to · R, which is a countable union. Therefore, ∃R ∈ R s.t.
Therefore, because there is only a countable number of finite cylinders, ∃l ≥ 2 and and a cylinder [R, S 1 , ..., S l−2 , S] s.t. {x ∈ R : R(x) ∈ [R, S 1 , ..., S l−2 , S], #{i : R(f i (x)) = S} = ∞} has a positive leaf volume in V u (R). Let R ′ be the admissible concatenation R · (R, S 1 , ..., S l−2 , S) ∈ Σ L . Whence, V u (R ′ ) gives a positive leaf volume to {x ∈ S : #{i ≥ 0 : R(f i (x)) = S} = ∞}. Since S is a recurring symbol in the future of any of these points,
The holonomy map along stable leaves Γ :
, where the · denotes an admissible concatenation of a negative chain to a positive chain. By Pesin's absolute continuity theorem [BP07, Theorem 8.6.1], applied to the holonomy map Γ,
Remark:
(1) Let S ± be the periodic extension of S to Σ, then p ′ := π(S ± ) is a periodic point. It follows that
From this point on, we focus on one ergodic homoclinic class, and constructing a measure on it. By Lemma 4.31, we may restrict our attention to a maximal irreducible component, while all definitions and claims of §4.2 remain consistent. We therefore assume w.l.o.g. that Σ L , Σ are irreducible. From now on, this assumption will go without mentioning. The recurrent properties and the Gurevich pressure which we discuss in the next subsection will be relevant to the maximal irreducible component to which we are restricted.
Recurrence and The Gurevich Pressure
In this chapter we use the definitions of the Gurevich pressure, positive recurrence, and the "partition function" Z n (φ, R) :=
k=0 φ(σ k R S) (this expression is finite since Σ L is locally compact).
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The Gurevich pressure of the potential φ is defined as P G (φ) := lim sup
, and when Σ L is topologically mixing, the limit exists and is independent of the choice of the symbol R (see [Sar09, Proposition 3 .2] for proof). We say that the potential φ is recurrent if n≥1 e −nPG(φ) Z n (φ, R) = ∞ for some symbol (in fact the finiteness of this expression is independent of the choice of R, as can be seen in [Sar09, Corollary 3.1]). For more details, see [Sar09, § 3.1.3]. Sarig developed an extensive theory for such setups where the potential is recurrent. For a detailed review of his theory, see [Sar09] .
Definition 5.1. The Geometric potential:
Define E : P n,L ↔ P n as the natural association between the n-periodic points in Σ L and the n-periodic points in Σ. Define ∆ n (R) := φ n (R) − ϕ n (E(R)), where ϕ n (S) := n k=0 ϕ(σ −k S).
Proof: Let some R ∈ P n,L , and write x := π(E(R)). Denote by λ the (non-normalized) Riemannian leaf volume on V u (R).
Recall that by Theorem 4.10, g = Vol(V u (R))e ±ǫ , and by equation (5) (with n = 0),
Whence e ∆n(R) = e ±2ǫ , and therefore |∆ n | ≤ 2ǫ. QED Part 2: By [BO18, Proposition 6.1], and the regularity of f , ϕ is Hölder continuous. Therefore, by Sinai's theorem (in its version for countable Markov shifts [Dao13] ), there exists a potential ϕ − : Σ → R, which is bounded on cylinders, and such that (R i = S i , ∀i ≤ 0) ⇒ ϕ(R) = ϕ(S); and there exists a bounded and uniformly continuous function A : Σ → R such that
In this case we say that ϕ − ϕ − is a coboundary. It follows that,
Part 3: Fix some symbol R. One should notice that since A, ϕ are bounded, so must ϕ − be; whence the variational principle (see [Sar09, Theorem 4 .4]) is applicable to it.
(1) is due to the entropy preserving natural bijection between shift invariant measures on Σ and on Σ L . (2) is because π is finite-to-1 on Σ # , a set of full measure w.r.t. any invariant probability measure, whence ν ± → ν ± • π −1 preserves entropy. Each such measure is an invariant probability Borel measure, and ϕ is constant on fibers of π −1 ; whence by the Margulis-Ruelle inequality the pressure is bounded by zero. 
, and ∃m S ≥ 0 s.t. σ mS R S ′ = S. Therefore ψ(S) > 0, and it follows that ψ is positive everywhere .
Proof. By Theorem 5.2 P G (φ) ≤ 0. Therefore, it is enough to show n≥1 Z n (φ, R) = ∞ for some symbol R. In particular, the topological pressure of the geometric potential is 0, and ϕ − is recurrent. We assume
, where the "·" product denotes an admissible concate-
A n naturally by the coding of each point in the LHS set. It follows that µ R (lim sup A n ) > 0, and in particular,
Therefore, by the Borel-Cantelli lemma, 
7 Every S ∈ Σ • R has some symbol recurring infinitely often in the future; then for some symbol S, the set of all points which return to S infinitely often in A R 0 ∩ V u (R) has a positive measure. There are only countably many cylinders which begin in R 0 , and end in S, therefore, there is some cylinder [R 0 , a 1 , ..., a n−2 , S] s.t. {V s (S) : S ∈ Σ • R ∩ [R 0 , a 1 , ..., a n−2 , S], #{i ≥ 0 : Halmos' recurrence theorem ([Aar97, § 1.1.1]) states that if (X, B ′ , ν, T ) is a non-singular transformation, then ν is conservative if and only if n≥=0 1 E • T n = ∞ ν-a.e. on E for every E ∈ B ′ s.t. ν(E) > 0 (i.e. the Poincaré recurrence theorem holds: in every positive measure set, almost every point returns to it infinitely many times). It follows that every invariant probability measure is conservative by the Poincaré recurrence theorem. We work in the context of non-singular transformations, and use the characterization of conservativity by Halmos as the definition. Notice that if (X, B ′ , ν, T ) is an invertible transformation, then any wandering set for T is a wandering set for T −1 .
Definition 6.2. A generalized SRB measure (GSRB in short) is a Borel measure on M such that:
(1) It is a conservative, invariant, χ-hyperbolic measure (perhaps infinite, see Definition 2.5) for some χ > 0; which is finite on regular sets (sets of bounded hyperbolicity, see [BP07, § 2.2]).
9
(2) It has absolutely continuous conditional measures w.r.t. any measurable partition subordinate to the lamination of maximal dimension unstable leaves (recall Definition 3.9) of any measurable subset of finite measure.
10
A finite GSRB measure is called an SRB measure.
6.2. Existence. 
φ is the dual operator of L φ ); and p is ergodic, conservative, non-singular, and finite on cylinders.
11 Define µ := ΣL µ R dp(R),
where {µ R } R∈ ΣL is the extended space of absolutely continuous measures (see Definition 4.26). µ is not the zero measure, since µ(1) = µ R (1)dp = ψ(R)dp, where ψ is a continuous positive function (see Proposition 5.3); whence µ(1) > 0.
Proof: By Proposition 4.28,
−1 dp = σRS=R e φ(S) µ S dp = µ R dp = µ, 9 Every subsetset of HWTχ of bounded hyperbolicity (i.e. a level set) can be covered by a finite number of members of R, and every partition member is contained in a level set. This can be seen immediately by [BO18, Proposition 4.4(2)]. 10 It is well defined due to Rokhlin's disintegration theorem. 11 The condition of topological mixing can be assumed w.l.o.g. to be satisfied, using the Spectral Decomposition theorem (see [Sar15, Theorem 2.5]), and composing our measure as a uniform average over the measures corresponding to the mixing components of the decomposition.
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where the last transition is by the φ-conformalism of p, and the fact that P G (φ) = 0.
Claim 2: µ is finite iff φ is positive-recurrent.
Proof: As in the beginning of the proof, write µ(1) = p(ψ), where ψ is a positive continuous eigenfunction of L φ with eigenvalue 1. Then ψ must be the unique (up to normalization) harmonic function associated with p (see [Sar09, Theorem 3 .4],[Sar01, Theorem 1]). Then, by [Sar09, Proposition 3.5], p(ψ) < ∞ iff φ is positive-recurrent.
Claim 3: µ is conservative. The first item in the list below also shows that µ is finite on regular sets.
It is clear that µ is carried by i≥0 k i , since p is conservative and carried by Σ # L . We show the following three steps to complete the proof:
}, and this collection is finite by the local finiteness of Z and its refinement. In addition, p is finite on cylinders. Thus,
] returns to it infinitely often with iterations of σ R since p is conservative. For any such chain and n ≥ 0,
12 Therefore, µ-a.e. point in k i returns to it infinitely often with iterations of f −1 . The first return map to
is f -invariant, and finite by the first step. Therefore, by the Poincaré recurrence theorem, µ-a.e. point in k i ∩ A returns to k i ∩ A infinitely often with iterations of f −1 .
• µ is conservative: Assume for contradiction that B := {x ∈ A : ∄n ≥ 0, f n (x) ∈ A} has a positive µ measure. B = i≥0 (B ∩ k i ) mod µ. Therefore, by step 2, µ-a.e. point in B returns to it infinitely often with iterations of f −1 . Take any such recurrent point x, w.l.o.g. x, f −n (x) ∈ B ⊆ A, whence f n (f −n (x)) = x ∈ A-a contradiction to the definition of B! So µ(B) = 0. Therefore, almost every point in A returns to it infinitely often with iterations of f (recall the remark following Definition 6.1).
Claim 4: µ is carried by H(q) ⊆ HWT χ , where q is a hyperbolic periodic point.
Proof: Since p is conservative, µ is carried by a union of sets which carry
. Let R ′ ∈ Σ be any periodic chain, and define q := π(R ′ ). Then, by
Claim 5: µ is ergodic.
Proof: It follows directly from Theorem 6.6 below, since p is ergodic.
6.3. Positive Recurrence, and Finiteness. In Theorem 6.3 we saw that the leaf condition implies the existence of a GSRB, and that it is finite if and only if the geometric potential is positive recurrent. We now offer a more refined condition to characterize when is φ positive recurrent.
Definition 6.4. The points HWT
0} are called the positively recurrent points in HWT χ .
Claim 6.5. There exists a finite χ-hyperbolic GSRB if and only if the leaf condition is satisfied for HWT 
Γ R (x) has a coding in Σ # with the same future as x. By [BO18, Proposition 4.8],
Therefore, lim sup n→∞
χ . By Pesin's absolute continuity theorem [BP07, Theorem 8.6.1], Γ R maps a positive leaf volume set to a positive leaf volume set. Then,
We may now continue to carry out the construction as in Theorem 6.3, and get a GSRB, µ = Σ # L µ R dp,
; and p gives a positive measure to every cylinder by [Sar09, Claim 3.5, pg. 76]. Thus, together with equation (32), it follows that µ(HWT
3). However, by the ratio ergodic theorem (see Theorem 7.1), ∀M ∈ N, lim sup
) , for µ-a.e. x; and if µ was infinite, then
Therefore µ is finite.
6.4. Generalized Entropy Formula. The following characterization (together with the uniqueness, which is proved in Theorem 6.9 below, and the fact that P G (φ) = 0, see Theorem 5.4), serves as an analogue to the entropy formula. It shows that every GSRB is the pull-back of the unique (up to scaling) equilibrium state of the geometric potential φ on a corresponding maximal irreducible component. 13 This coincides with the celebrated result of Ledrappier and Strelcyn in [LS82] , and the Margulis-Ruelle inequality for hyperbolic SRB measures. The characterization of GRPF measures (i.e. ψ · p in our context) by a variational principle is due to Sarig, in [Sar01] . Sarig proved that (in our context, where P G (φ) = 0) for every conservative and invariant measure which is finite on cylinders, m, ΣL (I m + φ + log ψ − log ψ • σ R ) dm ≤ 0 where I m is the information function of m w.r.t. the partition by cylinders; and equality holds if and only if m ∝ ψ · p.
Theorem 6.6. Under the assumptions of Theorem 6.3, the measure µ which is given in its statement, is proportional to ψ · p • π −1 , where ψ · p is the unique shift-invariant extension of ψ · p to Σ such that ψ · p • τ −1 = ψ · p (τ is the projection to the non-positive coordinates, ψ is the unique continuous and positive φ-harmonic function on Σ L , i.e. L φ ψ = e PG(φ) ψ = ψ, and p is the unique φ-conformal measure on Σ, i.e.
14 Proof. As argued in claim 1 of Theorem 6.3, µ R (1) = ψ(R) by the uniqueness of the continuous and positive φ-harmonic function on Σ L (ψ is only determined up to scaling, so we choose the version
, a probability measure on V u (R), which is absolutely continuous w.r.t. its leaf volume. One can check easily that ψ · p must indeed be invariant. Then,
where B is the Borel σ-algebra of M ,
Now, since p is conservative and ergodic (and σ-finite), so must ψ · p be, and so also ψ · p, and in turn also ψ · p • π −1 . In claim 3 of Theorem 6.3 we have seen that µ is conservative (and σ-finite). So µ is an invariant, 13 Recall Part 2 in Theorem 5.4 for the relation between φ and the ϕ. 14 ψ and p are unique up to scaling, but we choose the version of ψ which corresponds to R → µ R (1), and the version of p which corresponds to µ = Σ L µ R dp.
conservative, σ-finite measure, dominated by an ergodic, invariant, conservative, σ-finite measure ψ · p • π −1 , whence µ ∝ ψ · p • π −1 (with a proportion constant less or equal to 1).
6.5. Uniqueness and Ergodic Components.
Definition 6.7. Consider the Markov partition R from Definition 3.3. Let R ∈ R. Recall the relation ∼ from Definition 3.14.
(1) R := {S ∈ R : R ∼ S}.
(2) R † := {x ∈ R : ∀i ∈ Z, R(f i (x)) ∼ R}, is the recurrent part of the partition element R.
Notice that every conservative measure is carried by a disjoint union of irreducible Markov partitions, since every point which returns to its partition element infinitely often in the past and in the future, lies in the recurrent part of its partition element. There could be at most countably many different irreducible Markov partitions. Every irreducible Markov partition is an invariant set. For every GSRB ν,
Each summand is by definition a GSRB as well. The next lemma shows that there could be at most countably many ergodic GSRBs, and that every ergodic component of a GSRB is a GSRB.
Lemma 6.8. Let ν be a GSRB, carried by an irreducible Markov partition Λ R . Then ν is ergodic.
Proof. The assumptions of this lemma imply that the leaf condition is satisfied for Σ # ∩ R Z and a GSRB µ can be constructed as in Theorem 6.3 with the maximal irreducible component R −N ∩ Σ L . We show that ν ∝ µ, and in particular ergodicity would follow. w.l.o.g. ν(R) > 0. We write Σ L instead of R −N ∩ Σ L to ease notation. In this lemma, we say a point x is "generic" for a countable collection of integrable functions if for every function in the collection, the limit in the ratio ergodic theorem exists for x for both f and f −1 , and these limits coincide (see Theorem 7.1). The set of generic points carries every invariant, conservative, σ-finite measure by the ergodic decomposition of such measures (see [Aar97, Theorem 2.2.9]). We say that a point is µ-generic for a countable collection of integrable functions, if it is generic, and its corresponding limits abide the law of µ.
, we may assume w.l.o.g. that g is locally-Lipschitz continuous, and so,
x is generic for F }) > 0. Since p gives a positive measure to every cylinder ([Sar09, Claim 3.5, pg. 76]), there exists
. Then by Pesin's absolute continuity theorem for the holonomy map Γ : BP07, Theorem 8.6 .1] (µ R ′ is equivalent to the Riemannian leaf measure when restricted to
, and x is ν-generic for F and y is µ-generic for F .
. Therefore, the following properties hold for all n ≥ 1:
• lim
•
Therefore, ∀n ≥ 1,
This is in fact true for ∀g ∈ C + ( π[[R]]) (i.e. positive and continuous). Then, for every ergodic component of 
Step 1 Step 2: Fix a symbol a ∈ R s.t.
[a] µ R ( π [S] ∩ Σ # )dp > 0 (in particular a is affiliated to S, and so there are finitely many such symbols, with a multiplicity bound depending on S). 
where n is the length of [S, ..., S]). Each unstable leaf is of diameter (in its inner induced metric) less than ǫ.
k , where an inspection of the short proof shows us that this estimate holds for the induced metric of V u (σ k R R) (i.e. leaf distances shrink, and the leaf contracts, asymptotically). Then,
, in its intrinsic metric. All points of V u (R) ∩ A a lie within a ball in V u (R) which is separated from the boundary of V u (R) by at least
. In addition,
16 It follows that there exists some n S,a s.t.
if n ≥ n S,a and
In fact, since a belongs to the finite collection of symbols affiliated to S, we can choose n S,a large enough so it depends only on S, and denote it by n S .
Step 3: Fix any ; and by the fact that the new chain also shadows x, it follows that it must code it.
Step 4: Let λ V u (R) , λ V u (S R ) be the induced Riemannian volume of V u (R), V u (S R ) respectively. By part 5 in Lemma 4.20,
) and the last inequality is by step 1. Therefore,
16 For every two chains R (1) , R (2) ∈ [a], one can use the map I :
) from Lemma 4.20, and compose it with every path in V u (R (1) ) to get a path in V u (R (2) ). Then, by using equation (8) to bound the Jacobian of I, the estimation for the path length follows.
Step 5: So in total, 
Ergodic Theorems and Physical Properties
Recall §1.1-an invariant ergodic measure is called physical if the set of all points which abide its timeforward ergodic theorem is a set of positive Lebesgue volume. When a GSRB is finite (in particular it is an SRB measure), it has been shown it is also physical w.r.t. Birkhoff's ergodic theorem (see [Pes77, KSLP86, PS89] ).
The sketch of proof using the Absolute Continuity theorem is as follows: When µ is an SRB measure, µ-a.e. point is hyperbolic and µ-regular w.r.t. to the pointwise ergodic theorem. By the disintegration of µ into absolutely continuous measures, there is some unstable leaf, with a positive leaf volume for µ-regular points which are hyperbolic points. Consider all local stable leaves which go through these points-they demonstrate the same future behavior as the regular points, by the forward contraction of stable leaves. Using the disintegration of the Lebesgue measure by a partition of transversals to the local stable leaves, and Pesin's absolute continuity theorem, it follows that the union of all the local stable leaves of the µ-regular points must have a positive Riemannian volume.
7.1. The Physical Properties of an Infinite GSRB. The motivation for the definition of physical measures is as follows: assume M is a phase-space of some chaotic physical system. Given a macroscopic quantity of the system which we can measure, we would like for a random initial condition to have a positive probability to have its orbit encoding information about the average of the macroscopic quantity over the whole phase-space. That is, averaging the time series of measurements of the macroscopic quantity, would reveal information about the average of the quantity over the whole phase-space (w.r.t. our physical measure). Subsets of the phase-space with a positive Riemannian volume, are what we assume by convention to have a positive probability to be observed in a simulation or an experiment. A physical measure describes the asymptotic behavior of such a set, or event. Macroscopic quantities (e.g. pressure, temperature, etc.) are not sensitive to a small change in the condition of a small amount of particles, and are conventionally assumed to be continuous (as assumed when discussing physicality of SRB measures). These concepts in mind motivated the study of physicality in the following sense for infinite measures as well.
Theorem 7.1 (The Ratio Ergodic Theorem). Let (X, B, µ, T ) be a σ-finite measure preserving transofrmation, and assume that µ is conservative. Then for µ-a.e. x ∈ X, ∀g, h ∈ L 1 (µ) s.t. h ≥ 0 and hdµ > 0,
This theorem is due to E. Hopf, and an elegant proof in English can be found in [?].
Theorem 7.2. Assume there exists an unstable leaf with a positive leaf volume for HWT χ , and let µ be the ergodic GSRB which we constructed in Theorem 6.3. Then,
where Vol denotes the Riemannian volume of M .
Proof.
Step 0: Let g, h ∈ C(M ) ∩ L 1 (µ) be any two functions s.t. h ≥ 0, µ(h) > 0. µ is an ergodic, conservative and invariant measure. Let X be the set of all points in {V u (R) ∩ A R0 : R ∈ Σ # L } which are generic w.r.t. the ratio ergodic theorem of µ for g, h.
It is clear that ∃R ∈ Σ # L s.t. µ R (X ′ ) = µ R (1) > 0, therefore, by Pesin's absolute continuity theorem, X ′ has a positive Riemannian volume. We wish to prove that the ratio ergodic theorem limit holds for every point in X ′ .
Step 1: We start by assuming that g, h are Lipschitz functions. Let y ∈ X ′ , and write x := π(S) for a chain S ∈ Σ # s.t. π(S) ∈ X and y ∈ V s (S). Since x and y belong to the same local stable manifold, their orbits converge exponentially fast. Whence, since h is Lipschitz,
In addition, since µ is infinite and conservative, and hdµ > 0, lim n→∞ n k=0 h(f k (x)) = ∞ (recall Definition 6.1 and the remark following it). We therefore get lim n→∞ n k=0 h • f k (y) = ∞ as well. Similarly,
Step 2: Now, back to only assuming that g, h lie in C(M ), and are not necessarily Lipschitz continuous. It is enough to assume that g ≥ 0, by the linearity of the limit, and the fact that every integrable continuous function can be written as the difference of two continuous, integrable and non-negative functions. log g ∈
is an open set, and clearly a metric subspace of M . By [Mic01] , log g can be approximated on g −1 [(0, ∞)] uniformly by locally-Lipschitz functions. Fix δ > 0, and let logg δ be a locally- δ ∈ L 1 (µ) and h δ dµ > 0. Let δ n ↓ 0, and choose X s.t. each point in X is generic for (g δn , h δn ), ∀n ≥ 0 (it is still a full µ-measure set). Let δ ∈ {δ n } n≥0 . So, ∀y ∈ X ′ ,
Thus, since δ was arbitrary,
Corollary 7.3. Under the assumptions of Theorem 7.2 above,
. Since µ = ΣL µ R dp is conservative, and p gives all cylinders a positive mea-
. Thus, by Pesin's absolute continuity theorem (since
. Therefore, applying Pesin's absolute continuity theorem to the global stable foliation through a full leaf volume subset of V u (R ′ ) ∩ A R ′ , gives a positive Riemannian volume set of points, with a volume bound uniform in g, h. In fact, the same bound holds for any countable collection of pairs of functions in C(M ) ∩ L 1 (µ).
7.2. Physical Measurements. This subsection, and Proposition 7.8 in it, were aimed to show that the physicality of an infinite GSRB is not a null property, even in cases where it is difficult to check if C(M ) ∩ L 1 (µ) = ∅, where µ is an infinite GSRB.
Lemma 7.4. Let z ∈ HWT χ and let 
where ρ m := e λm . The big O constants in equation (40) depend on x, y, but they do not depend on ξ.
We are left to bound η T D m → RTheorem 7.9. Let µ be an ergodic GSRB, and denote by Vol the Riemannian volume of M . There exist ρ ∈ L 1 (Vol) and a sequence a n − −−− → n→∞ ∞, which depend on µ, s.t. ρ · Vol is a probability and ∀g ∈ C(M ) ∩ L 1 (µ), (ρ · Vol) ( 1 a n n−1
The statement also holds with the collection of physical measurements from Proposition 7.8, A, replacing
This theorem is a consequence of a property which is not generally true for all σ-finite, conservative, ergodic measures. It is called point-wise dual ergodicity (see equation (47)), and it holds for the conformal measures of Hölder continuous potentials on a locally-compact TMS. However, we will see that this property can be used with GSRBs, by their unique relation with the conformal measure of the geometric potential.
Proof. Assume that there exists an unstable leaf with a positive leaf volume for HWT χ , and let µ be the GSRB constructed in Theorem 6.3. Write µ = ΣL µ R dp where Σ is an irreducible TMS and p is the confomal measure of the (recurrent) geometric potential φ. Then, by definition, ψ g dp = gdµ, and so |ψ g |dp ≤ ψ |g| dp = |g|dµ < ∞. By [Sar01, Proposition 3], p is point-wise dual ergodic, i.e.
∃ a sequence a n → ∞ s.t. ∀ψ ′ ∈ L 1 (p), for p-a.e. S ∈ Σ L , 1 a 17 Here Jac(Γm) refers to the Radon-Nikodym derivative of the mapping, and not the standard derivative (as it may not exist).
Notice, ∀m, n ≥ 0,
18 Therefore, ∀m ≥ 0, lim sup λ V s (R(x)) dµ R (x), where λ V s (R(x)) is the normalized induced Riemannian leaf volume of V s (R(x)); Thus, by Pesin's absolute continuity theorem, and since
(ρ · Vol) 1 a n n−1
Part 3: Now, given g ∈ C(M )∩L 1 (µ) (w.l.o.g. g ≥ 0), by [HU80] , ∀δ > 0 ∃g (δ) ∈ Lip(M ) s.t. g (δ) = e ±δ ·g; whence g (δ) satisfies the assumptions for parts 1 and 2. As in equation (35), this is sufficient. Part 4: Let A be the countable collection of physical measurements from Proposition 7.8. Then a chain R ∈ Σ L can be chosen to be generic (w.r.t. the point-wise dual ergodic theorem) for all {ψ g } g∈A . Then we may skip part 1, and carry out parts 2 and 3; the estimations apply.
An Example with an Infinite GSRB, and No SRB Measures
In [HY95] , Hu and Young costruct an example of a system which is said to be "almost Anosov" (the meaning of that is detailed below), which admits no SRB measures. Hu and Young in fact present a construction of an infinite invariant measure with conditional measures on weakly-unstable leaves, 19 but do not go further into constructing a hyperbolic measure, or studying its physical properties.
20 Furthermore, Hu and Young show the elegant result that for Lebesgue-a.e. x, 1 n n−1 k=0 δ f k (x) − −−− → n→∞ δ O , where O ∈ M is some fixed point where the hyperbolicity on the unstable direction is destroyed. When considering an integrable function g, of an infinite conservative invariant measure µ, the evaluation 1 n n−1 k=0 g(f k (x)) − −−− → n→∞ 0 becomes evident as well for µ-a.e. x; and when g is continuous, and µ is hyperbolic, the Birkhoff sum must tend to 0 as approaching O, where hyperbolicity deteriorates. We wish to get insight into a more fine physical behavior by our theorems for distributional physicality, and the physicality by the ratio ergodic theorem. We show, that with our machinery, it is immediate that their example in fact admits a GSRB.
We start by introducing their setup: Let M be a compact, smooth, two-dimensional Riemannian manifold with no boundary. Let f ∈ Diff 2 (M ). They make three assumptions on f :
(1) f has a fixed point O, i.e. f (O) = O.
(2) There exists a constant k s < 1, and a continuous function k u with k u (x) = 1 at x = O, > 1 elsewhere, and a df -invariant decomposition of the tangent space T x M at every x ∈ M into
such that |d x f v| ≤ k s |v|, ∀v ∈ H s (x) |d x f v| ≥ k u (x)|v|, ∀v ∈ H u (x), and |d O f v| = |v|, ∀v ∈ H u (O).
(3) f is topologically transitive on M. Hu and Young show that these assumptions are enough to conclude that no SRB measure exists, and call this setup "almost Anosov", as hyperbolicity is uniform everywhere besides at the unstable direction of one point. They offer a way to generate such examples, by topological conjugacy to a hyperbolic toral automorphism, thus having in addition a positive topological entropy.
In this case, by the Ruelle-Margulis inequality and the variational principle, since dimM = 2, HWT χ = ∅ for some χ > 0. In parrticular, there exists some hyperbolic periodic point p ∈ HWT χ . For every point x in the unstable manifold of p, V u (p), x has a uniform contraction on its future orbit on its stable manifold, but also uniform contraction on its past orbit on its unstable manifold. The df -invariant decomposition T x M = H s (x) ⊕ H u (x) must be continuous by the difference between k s < 1 and k u (x) ≥ 1, and so the angle ∢(H s (x), H u (x)) is bounded from below on M . Whence, every x ∈ V u (p) lies in HWT χ , and so the leaf condition is satisfied and (M, f ) admits a GSRB, with all its properties (e.g. hyperbolicity, distributional physicality, physicality by the ratio ergodic theorem, etc.). In addition, our work shows that the Gurevich pressure of the geometric potential is P G (φ) = 0, whilst still not having any SRB measures.
